Projectile Motion Tutorial #4

‘=a 2D projectile motion model using numerical analysis
oF prOJectlle dgnam:cs (mcludmg ap{ngnam:c drag)

\ by George Lungtr



Introduction:

- Contrary to common belief, numerical methods are not hard use or understand. As opposed to

analytical methods which are applied on large domains and in the vast majority of real life
situations have no solution, the numerical methods are applied on a large number of tiny
(infinitesimal) domains. Numerical analysis uses simplifying assumptions such as, linearization,
short series approximations and has solutions (numerical) to most of real life problems.

- The classical motion of two planets
for instance can be easily described
analytically, but in the case of three
planets there is no general analytical
solution known to man.

Numerical methods, even in the
hands of a debutant, will yield
solutions for systems of hundreds or
thousands of planets using basic
programming methods and a

powerful enough computer.

An artistic rendering of Sir Isaac Newton and his inventions
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Outline of the method:

There are two external forces applied to the projectile, the gravity and the aerodynamic drag (air
resistance). The gravity is always vertical and pointing down and the drag has the same
direction with the total (resultant) speed but opposite sense.

=The magnitude of the aerodynamic drag is half of

—

Fg — _T .m- g : the product of the frontal area of the object, the
density of the fluid (airdmrthiSsease);the Square of

E 1 - the resultant speedf@andithescoefficient of drag”

Fdrag =3 _E P A-Cx- ‘Vtotal‘ " Vtotal (also named Cx orCd)-whichiior @ caror projectile

is between 0.20 and 0.35

We will use Newton’s second law

F=m-a

to determine the acceleration:

- It is a good practice to decompose the problem along the directions of the axes of coordinates,
so we can use Newton’s second law separately to find a, and a,

- The gravity has only a y component but in order to be able to determine the complete x and y
components of acceleration we need to do a vector decomposition of the drag force.




- Since the drag force has the same direction A TN (i ]
and opposite sense with the total speed we B F ‘ =
' T drag drag_y v I
can draw the following vector diagram where ol N X . g
«— S 5
the pair of triangles COA and C'OA’ are similar Fdrag y = !
and the pair of triangles BOA and B'OA are ) v, oral
similar too. C Y---- DI | A
- From triangle similarities we have: 1
- The drag = o
f = __E . vV, formula: |:drag i _E P A-Cx- ‘Vtotal‘ ) Vtotal
drag_x drag
< Viotal - Same formula 1
Fiag=——= -0 -A-CX-|v
= __F vy in magnitude: rag 5 P tOta'
_ "drag_y —  'drag’
Viotal - From Pythagoras
theorem we can write: ‘ Otal‘ Viotal = V T V
(" 1 2 2 - Since gravity is a purely vertical
Firag x === 0 A-CX-V, -V, +V,
J - force, now we have all the forces
1 decomposed on the two axes of
F =—=.p-A-CX-V, -/V2+V] -
_ " drag_y — 2 P y X y coordinates, x and y
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Method:

- We divide the time dimension in small “time steps” and we perform the same string of
calculations during each time step. Using the speeds (v,,v,) and coordinates (X,y) from the
previous time step we will calculate the following values (in this order):

1) From previous speeds we calculate the x and y drag forces (we already know the gravity)

2) From the forces we€alculate the x and y accelerations using Newton’s second law

3) From accelerations and previous speeds we calculate the new x and y speeds

4)+=rem speeds and previous coordinates we calculate the new x and y coordinates

- The first three steps can be combined into a single step done using a larger formula
- This way we can see that there are only four.formulas to calculate during each step which means

that we can use only four columns of calculations to model the whole ballistics process

- We also need to know the starting speed and coordinates in order to calculate the first time step
values. Values like this are called initial conditions and they exist and are used in any numerical

method




Formulas: - This is an outline of the calculations used during each time step At

1
— T e——— . L[] . . 2 2
I:current_x T |:drag_current_x T 2 P A CX Vprevious_x \/Vprevious_x +Vprevious_y
F =F +G=—1. 5 ACXV LV +V2 -m-
current_y — " drag_current_y . 2 P previous_y previous_X previous_y g
DN\
a N |:current_x
current_x ~
- m
a . I:current_y
2) current_y m
chrrent_x = Vprevious_x + acurrent_x <At
3) chrrent_y . Vprevious_y + acurrent_y - At

% X = +V

current — ““previous

To be continued...

4) Vet — yprevious+vcurrent_y )

current_x

At
At
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